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Abstract
We extend the foliation-based quantization scheme of [19] to ar-
bitrary asymptotically flat backgrounds including time- and position-
dependent ones. One of the ingredients to accomplish the extension is
imposition of a Neumann-type boundary condition. The quantization
procedure, especially the gauge-fixing-induced reduction, provides a
new insight into the black hole information paradox. The hypersur-
face degrees of freedom in the asymptotic region - whose dynamics
should be responsible for part of the ‘hair’ - and transitions among
various excitations play a central role in the global formulation of the
information and proposed solution of the information paradox. In
retrospect, the quantization scheme reveals the origin of the difficulty
of the information problem: the problem’s ties with the quantization
of gravity and subtle boundary dynamics as well as the multilayered
techniques required for its setup and study. We also comment on the
implications of the asymptotic symmetries for the present quantization
framework.
ar
X
iv
:1
70
7.
04
80
3v
1 
 [h
ep
-th
]  
16
 Ju
l 2
01
7
1 Introduction
The quantization of gravity (see [1–13] for various approaches) should either
hold a direct key or provide a route to a solution of some of the longstanding
problems of theoretical physics, such as the black hole information paradox
[14–18]. In the present study we extend the foliation-based quantization
scheme put forth in [19–23]1 to more general backgrounds, such as those
that are time- and position- dependent. Up to now the method has been
applied to relatively simple backgrounds including a flat or Schwarzschild
or de Sitter background. Although a substantial number of interesting and
important backgrounds have been covered, it has not been clear whether or
not the method is applicable to, say, a time- and position- dependent one.
Here we improve the status of this matter, and make the applicable range
of the scheme more precise: we show that the method is applicable (but not
limited) to arbitrary backgrounds with asymptotical flatness.
One of the driving themes of the recent developments in theoretical physics,
in particular, string theory, has been holography. In the present study we take
another detailed look at the roles played by the boundary conditions2 and
boundary’s degrees of freedom. We explicitly demonstrate how the boundary
develops its own dynamics from the bulk dynamics. Since the ‘dual’ bound-
ary degrees of freedom arises from a Kaluza-Klein type procedure, their ap-
pearance can be directly seen, which offers great conceptual and technical
advantages over the common practices in AdS/CFT-type dualities.
We then apply the quantization scheme to the black hole information (BHI)
and cogitate its consequence. In particular, we corroborate and refine the
picture presented earlier in [24] in which a certain pattern of black hole in-
formation release was envisaged. One of the compelling motivations of the
present study of BHI is the following observation: the Dirichlet boundary
condition widely used in gravity theories seems at odds with the the dual
boundary dynamism. The quantization scheme of [19, 23] poses a similarly
pressing question: the physical states of a gravity theory should be associ-
ated with the hypersurface in the asymptotic region. Wouldn’t it imply an
active and dynamic role of the hypersurface? One may go further and ask a
1We have recently become aware, to our pleasant surprise, that these works are quite
in spirit of [3].
2There exists a long list of the studies of the boundary degrees of freedom in gravity
theories (see, e.g., [25–28]). Recent studies of boundary conditions can be found, e.g.,
in [29–31].
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question at a more fundamental level: shouldn’t the physical degrees of free-
dom at the hypersurface play an essential role in formulating the meaning
of the information and its (re)distributions (or “loss”) [32]? The quantiza-
tion scheme suggests a natural solution to the non-dynamism problem by
adopting a Neumann-type boundary condition [33]. Below we also address
the other questions either by directly analyzing them or outlining the steps
executable with a reasonable amount of efforts.
As we will describe in detail in the main body, the BHI is a highly multi-
layered problem and requires several less familiar techniques, some of which
have become available only quite recently. Quantization of gravity has been
the most severe obstruction to setting up the problem at a formal and fully
second-quantized level. The quantization procedure of [19,20,23] that we will
follow includes the steps of identifying the physical degrees of freedom. The
association of the physical states with the hypersurface at the asymptotic
region suggests that the in- and out- states constructed out of the hypersur-
face degrees of freedom3 will represent the bulk propagating states projected
onto the holographic screen, the hypersurface.
As a matter of fact, a clear understanding of the boundary degrees of
freedom greatly adds towards the insight of a global picture of the information
problem. Let us consider the case of a Schwarzschild black hole, to be specific.
According to the analysis carried out in [19, 22], the physical states of the
bulk admits an holographic description through the dynamics of a certain
hypersurface. At the moment, the precise specification of the hypersurface
is irrelevant and will be postponed for the sake of a quick discussion; we
will have a detailed discussion in the main body. Now consider two different
slicings such as the Schwarzschild coordinates and Kruskal coordinates. One
would impose a Dirichlet boundary condition for the boundary hypersurface
for each slicing. Since the two Dirichlet boundary conditions will not be
connected by the coordinate transformation and the hypersurface degrees of
freedom are quite essential to the system, this situation hints at the need to
enlarge the theory’s Hilbert space, a topic to which we now turn.
Recently there has been a proposal [34,35] that all of those different bound-
ary conditions must be included in an enlarged Hilbert space, a standpoint
that we adopt and generalize in the present work. Furthering the proposal,
we will argue that in general, selecting a boundary condition should be viewed
3From the bulk point of view, these states must be associated with the past and future
null infinities.
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as part of making an ansatz for the solution or a class of the solutions of the
system, all of which belong to the enlarged Hilbert space. We will compare
this view with that of the studies of the asymptotic symmetry, especially the
BMS group [36,37], recently advanced with renewed interest.
In the analysis below we employ three different second quantized descrip-
tions. The standard Lagrangian formalism is optimal for handling the scat-
tering process of the Fock states. For determination of the physical states we
use the ADM Hamiltonian and Lagrangian formalisms [38]. In addition, the
second-quantized Schrodinger description (SQSD) offers certain conceptual
advantages in dealing with the vacuum transition and other related aspects.
In setting up and studying the BHI in SQSD, one’s focus lies in the analysis
of the transitions between different quantum states of the ‘combined’ system
of the bulk and boundary.
In section 2 we start with a guiding review of the foliation-based quan-
tization scheme. Then we extend the method to a more general class of
backgrounds with asymptotic flatness. The quantization procedure natu-
rally brings up the issues of the boundary conditions and boundary dynam-
ics. With the extension of the quantization scheme completed in section 2,
we consider in section 3 a Schwarzschild background to illustrate how to set
up the BHI problem. While we are at it, we solve a puzzle encountered along
the way regarding the disintegration of a black hole: how could the mass
of the black hole change through the Hawking radiation since it is supposed
to be a conserved quantity even at the quantum level? To our view, the
answer to this question has not been explicated in the literature. We find
the solution in the Neumann boundary condition. The results of the present
paper quantitatively confirms the picture presented in [24] in which the role
of jets, hard or soft, was emphasized. The central feature of our approach
to the BHI problem is that there exists a hierarchy in the excitations of the
system. As we will see, things can be placed in a clearer perspective in the
Schrodinger-picture second quantization description (SQSD). We explore as
analytically as possible how a Schwarzschild black hole disintegrates with
some details on the disintegration process. When we do this, an interest-
ing picture emerges: the vacuum bubble diagrams must be responsible for
the disintegration. It should be the information-neutral ‘radiation’ emerging
from the vacuum transition that must be the Hawking radiation. Most of
the information will be stored in the dynamics in the boundary and horizon
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vicinity. We conclude in section 4 with summary and future directions.
2 Quantization in more general backgrounds
According to a common lore, renormalizability is a local property and one can
consider just a constant background to establish it. However, the scheme of
quantization of [19,23] has been applied to the backgrounds with certain sim-
ple forms of the coordinate-dependence of the metric. Because the method
cannot directly applied, without additional consideration, to a time- and po-
sition dependent background as we will review below, it is not clear whether
one could conclude the renormalizability in arbitrary (or a large enough class
of) backgrounds from the flat case study. As we will discuss below, it should
be possible to draw such a conclusion if one restricts to an asymptotically flat
background. Presumably the analysis can also be applied to a background
such as asymptotically dS backgrounds. More generally it should be possible
to apply to a background that has a vanishing second fundamental form at
the boundary.
To review the gauge-fixing induced reduction of the physical states in the
simplest setup, we consider the Einstein-Hilbert system. One will see why the
reduction procedure can be easily applied to certain relatively simple back-
grounds whereas it is necessary to take additional consideration for more
complicated ones. In general what hampers the renormalizability is appear-
ance of the Riemann curvature tensor (as opposed to Ricci scalar or Ricci
tensor that can be absorbed by a metric field redefinition). As in the previous
works, the gauge-fixing of the lapse and shift vector is a critical initial step
toward the renormalizability. Examining the 3+1 split form of the Riemann
curvature tensor provides a hint at how to control the proliferation of the
second fundamental form. This also makes it clearer that the condition re-
quired for renormalizability is the vanishing second fundamental form at the
asymptotic region - which should be guaranteed by the asymptotic flatness.
Lastly, we contemplate various implications of the first two subsections.
We consider the Schwarzschild black hole to illustrate the issues surround-
ing the boundary conditions and dynamics, thereby setting the stage for
section 3. By splitting out the radial coordinate r as the evolution coor-
dinate, we note that what the lapse function and shift vector gauge-fixing
basically archieves is to reduce the physical states to the holographic screen,
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namely the hypersurface at r = ∞. Since the radial coordinate plays the
role of ‘time,’ the procedure naturally suggests to impose a Dirichlet bound-
ary condition along r, ‘r-Dirichlet’ boundary condition, which is nothing
but the Neumann boundary condition. The potential relevance of Neumann
boundary condition has been anticipated in [33]. (Incidentally, the asymp-
totic vanishing of the second fundamental form is consistent with Neumann
boundary condition.)4 In particular, the Neumann boundary condition, un-
like the Dirichlet boundary condition, allows a nontrivial dynamics on the
hypersurface, which we will see in more detail.5
2.1 review of reduction: flat background example
From the pre-AdS/CFT days, there have been many indications, direct and
indirect, that a gravity theory admits a description by holographically re-
duced set of degrees of freedom [25–28]. The works of [19–23] explicitly
showed by employing the ADM formalism that the physical Fock states
around the given background are contained in a hypersurface in the asymp-
totic region, which in turn has led to renormalizability of those states. Here
we present a slightly more streamlined review of the quantization procedure
and get ready for its extension in the next subsection.
Considering the (3+1) splitting:
xµ ≡ (ym, x3), µ = 0, .., 3, m = 0, 1, 2 (1)
it is well known that the Einstein-Hilbert action
SEH =
∫
d4x
√−g R (2)
can be cast into the ADM form6 [39]
S =
∫
d4x n
√−h
[
R+K2 −KmnKmn + 2∇α(nβ∇βnα − nα∇βnβ)
]
(3)
4Interestingly, a Neumann boundary condition has appeared in the analysis in [34] from
a different context.
5Therefore it appears that there are at least three reasons to consider the Neumann
boundary condition: boundary dynamism, black hole disintegration, and renormalizability.
6The last term, 2∇α(nβ∇βnα − nα∇βnβ), is the surface term and will be set aside.
For a Schwarzschild black hole, a detailed analysis of this surface term has been carried
out in [22].
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where n and Nm denote the lapse function and shift vector respectively; n
α
denotes the unit normal to the boundary. The second fundamental form Kmn
is given by
Kmn =
1
2n
(L3hmn −∇mNn −∇nNm) , K ≡ hmnKmn. (4)
L3 denotes the Lie derivative along the vector field ∂x3 and ∇m is the 3D
covariant derivative. As we will see below, splitting out a spatial direction will
lead to a very crucial implication for setting up the scattering process. Before
analyzing the gauge-fixing, let us examine the bulk part of the “Hamiltonian”
of x3-evolution:
H =
∫
d3y
[
n(−h)−1/2(−pimnpimn+1
2
pi2)− n(−h)1/2R(3) − 2Nm(−h)1/2∇n[(−h)−1/2pimn]
]
(5)
where pimn denotes the momentum field,
pimn =
√−h (−Kmn+Khmn) (6)
It is possible to express the Hamiltonian in terms of the lapse and shift
constraints; omitting the surface terms, one gets
H =
√−h
[
− nC − 2NmCm
]
(7)
where
C≡R−K2 +KmnKmn , Cm ≡ ∇n(−Kmn +Khmn) (8)
When the second fundamental form is expressed in terms of the momentum
field pimn, the requirements, C = 0 and Cm = 0, are called the Hamiltonian
and momentum constraints, respectively. Below they will be called the lapse
function and shift vector constraints in the Lagrangian method. As will
be detailed shortly, in a flat background the following gauge is suitable for
quantization
n = 1 , Nm = 0 (9)
With n = 1, the shift vector constraint is automatically satisfied and the
Hamiltonian density takes
Hgauge fixed = −
√−h C = −√−h (R−K2 +KmnKmn) (10)
7
where Hgauge fixed denotes the gauge-fixed Hamiltonian density. The lapse
function constraint (to be discussed shortly in (17) below) with the gauge-
fixing (9) implies
Hgauge fixed|phys >= 0 (11)
where Hgauge fixed denotes the gauge-fixed Hamiltonian. It is in the full non-
linear sense. Note the dual roles of the gauge-fixed Hamiltonian: it is the
operator that governs the x3-evolution and at the same time acts as the lapse
function constraint. In [20] (see also [40] for an earlier discussion), the con-
dition above has been interpreted as to imply that the physical states must
be contained in a hypersurface in the asymptotic region.7 It is this reduc-
tion that allows a description of the 4D physics through the 3D window.
See [44–50] for various reduction-related works.
The details of the gauge-fixing procedure are as follows. For a Minkowski
background, x3 can then be taken as one of the spatial coordinates. Although
above, we have not distinguished the fluctuations from the backgrounds, we
will do so from now on:
field = background + fluctuation (12)
and the background will be indicated by a subscript zero. The flat back-
ground is such that n0 = 1 and N
m
0 = 0 where the subscript zero indicates
that the field is the background - as opposed to the fluctuation - quantity.
By using the gauge symmetry, the fluctuation part of the lapse function can
be gauged away leaving it fixed to its background value:
n = n0 (13)
We also adopt the synchronous-type gauge-fixing:
Nm = 0 (14)
Since the flat background has a vanishing shift vector, this fixing corresponds
to gauging away the fluctuation part. For a flat background this gauge can
definitely be chosen. For a Schwarzschild background for example, the steps
so far are quite similar other than that x3 is taken as the radial direction and
7A complementary mathematical discussion based on jet bundle theory [41] can be
found in [42,43].
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n0 =
(
1 − 2GM
r
)−1
. One of the potential obstacles for applying the present
quantization method to a more general, say, time- and position- dependent
background is the issue of whether or not this shift vector-fixing is available;
we will come back to this issue toward the end.
The induced shift vector constraint, which is nothing but the shift vector
field equation,
∇n(−Kmn +Khmn) = 0, (15)
which translates into
∇an = 0, (16)
is automatically satisfied with the gauge-fixing above, n0 = 1. Whether
this would remain valid for a more general background is another potential
obstacle for quantization in that background to be discussed below. We
impose the lapse function constraint (i.e., the field equation of the lapse
field) in its weaker form as the physical state condition[
R−K2 +KmnKmn
]
|phys >= 0 (17)
This is a part of the quantization proposal; an analogous step, i.e., the gauge-
fixing-induced constraint is well-established in string theory and leads to the
Virasoro constraint.
In the next section, we will extend the reduction scheme to an arbitrary
asymptotically flat background. Again, the gauge-fixing is a critical initial
step for the reduction. Let us note that n0 = 1 for a flat background, so the
condition (16) is trivially satisfied. Similarly, the Schwarzschild background
in the Schwarzschild coordinates satisfies the condition. As a matter of fact,
the stipulation (16) can be made satisfied by choosing the following gauge
[51–53]
n = 1 , Nm = 0 (18)
The real question is whether or not this gauge-fixing can always be chosen
and things would remain fine. We believe this is a matter of subtleties not
entirely sorted out in the literature. In general, a gauge must be chosen in
a manner not interfering with the physics that one intends to study. Also
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(perhaps not unrelated), there is no such gauge that is valid for all physical
configurations, the so-called Gribov-Singer problem [54]. (See, e.g., [55] for
a recent discussion.) What must still be true is that there should exist an
(at least locally) valid choice of a gauge for a given class of backgrounds.
Practically and also in the present context, this means that only the back-
grounds, including time- and position- dependent ones, that are compatible
with the gauge (18) will be considered, and this should be sufficient for our
purpose. With the condition for the reduction settled, we now turn to the
renormalizability.
2.2 time- and position- dependent backgrounds
For renormalizability the reduction is not the full story: the behavior of Kab
at the asymptotic region should be constrained as well. The constraint is
mild enough to be guaranteed by the asymptotic flatness. The bulk and
hypersurface quantities are related by the following relations [56]:
Rmrpq = Rmrpq +KmqKrp −KmpKrq (19)
R3mrp = N
l(Rlmrp +KlpKmr −KlrKmp)− n(∇rKmp −∇pKmr)
Rm3p3 = N
l
[
N r(Rrmlp +KrpKml −KrlKmp)− n(∇lKmp −∇pKml)
]
−n
(
L(∂x3−Nq∂q)Kmp +∇m∇pn
)
+ n
(
N l(∇mKlp −∇lKmp) + nKmrKrp
)
;
Rmr = Rmr − 1
n
(
L(∂x3−Nq∂q)Kmr +∇m∇rn
)
−KKmr + 2KmlK lr
Rm3 = N
l
[
Rml − 1
n
(
L(∂x3−Nq∂q)Kml +∇m∇ln
)
−KKml + 2KmrKrl
]
− n(∇mK −∇lK lm)
R33 = N
mN r
[
Rmr − 1
n
(
L(∂x3−Nq∂q)Kmr +∇m∇rn
)
−KKmr + 2KmlK lr
]
−n(L∂x3K +∇l∇ln)− n2KlrK lr + 2nN r∇l
(
Klr − 1
2
hlrK
)
(20)
and
R = R−KmrKmr −K2 − 2
n
(
L(∂x3−Nq∂q)K +∇m∇mn
)
(21)
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With the gauge-fixing (18), one gets, for the Riemann tensor,
Rmnpq = Rmnpq +KmqKnp −KmpKnq
R3mnp = −n0(∇nKmp −∇pKmn)
Rm3p3 = −n0L∂rKmp + n20KmrKrp (22)
As we will discuss in detail in section 3, we impose the Neumann boundary
condition. The Neumann boundary condition with the reduction should
imply that the second fundamental form at the boundary vanishes:
Kmn → 0 (23)
which is assured by the asymptotically flatness. With this, the renormaliza-
tion procedure parallels with the flat case.
After all, the analysis in this section shows that the present findings are
consistent with the common lore regarding renormalizability as stated in the
beginning of section 2. This seems natural: the renormalization procedure
in an asymptotically flat background parallels that of a flat spacetime since
the physical degrees of freedom are associated with the hypersurface at the
asymptotic region where the background spacetime becomes flat.
2.3 ramifications
With the tasks in the previous subsections completed, we muse over various
implications of the reduction. This will allow us to set the stage for building a
global picture of the scattering and BHI, the main topic for the next section.
As proposed in [20] we take the Wheeler-DeWitt equation (11) as to imply
the reduction of the physical states to the holographic screen. This identi-
fication raises the issue of how to handle the boundary conditions and its
dynamics. There are several indications that the Neumann boundary condi-
tion is the right choice. Since the physical states are reduced to the boundary
surface, one needs a boundary condition that gives dynamics to the surface;
otherwise the system will have only the non-perturbative configurations. The
fact that the radial coordinate has played the role of time seems to suggest
that one may impose the ‘r-Dirichlet’ boundary condition, namely the Neu-
mann boundary condition. (A recent analysis on the Neumann boundary
condition can be found in [30].) In fact, the Neumann boundary condition
makes Kmn non-dynamic, a necessary condition for the renormalizability.
Then the asymptotic flatness makes it vanish at the asymptotic region.
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One of the main objectives of the (3+1)-splitting is to separate the physical
degrees of freedom. With the Neumann boundary condition the hypersurface
is dynamical; the next step is to analyze the genuine-time dynamics of the 3D
hypersurface. Although the formalism is not fully covariant, it has certain
advantages (such as less formalism and mathematical machinery) over the
covariant approach yet to be developed just as the lightcone quantization of
string has certain advantages over the more sophisticated BRST quantiza-
tion.
All of these ideas will be illustrated in the next section where we construct
the setup for BHI with the Schwarzschild case. One of the central features
of the setup is the enlarged Hilbert space of [34, 35], perhaps a little more
systematized and generalized below. At a supposedly elementary level, it
offers a hint at how to tackle an aspect of BHI that we find puzzling: how
come a Schwarzschild observer observes the black hole evaporation since the
Schwarzschild coordinates are well-behaved outside the horizon where the
mass must thus be a conserved quantity? The evaporation seems to suggest
that the mass is not a conserved quantity. The Neumann boundary condition
provides a direct answer to the question; the rationale for its relevance can
be found in the enlarged Hilbert space. At a more sophisticated level, the
enlarged Hilbert space provides a stage to realize the generalized spontaneous
symmetry breaking and Goldstone degrees of freedom.
3 Scattering, vacuum transition and BHI
With the quantization scheme extended to include a larger class of back-
grounds, let us take up the black hole information problem. One of the
things that make the BHI analysis much subtler than otherwise is that in
order to properly describe the states, one must carefully consider, among
other things, the boundary dynamics. The fact that the physical degrees of
freedom are associated to the hypersurface at the asymptotic region calls for
a refined formulation of the information and information paradox.
According to the AdS/CFT-type dualities, the bulk physics can be de-
scribed by the degrees of freedom at the boundary. Although the correspon-
dence has been well established by now, it has a peculiar aspect regarding
the boundary conditions. Namely, if one imposes a Dirichlet boundary con-
dition - which one normally does - one must worry about the possibility of
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contradiction: the dual boundary theory is dynamical whereas the Dirichlet
boundary condition dictates non-dynamism of the boundary degrees of free-
dom. As we will see, the problem does not arise once one chooses a Neumann
boundary condition.
Below in section 3.1, we start by presenting the “big” picture. We first
give a detailed construction of the setup, which is the system consisting of
the bulk states with the boundary degrees of freedom embedded. We often
implicitly turn to the SQSD. After generalities, we take in section 3.2 the
example of a Schwarzschild black hole to illustrate how to implement the
general ideas. Two main tasks are: firstly, we carry out the gauge-fixing-
induced reduction scheme by employing the tool of dimensional reduction to
the hypersurface of foliation [57–59], a variant of the Kaluza-Klein procedure
(see, e.g., [60, 61] for reviews of Kaluza-Klein compactification). Secondly,
we present the global formulation of the BHI with the bulk and embedded
boundary degrees of freedom. In section 3.3, we elaborate on and quantify
the view put forth in [24] that there should exist two different kinds of ‘ra-
diations,’ one information-carrying and the other information-neutral. This
view is now founded on the fact that there exists a hierarchy in the excita-
tions and thus in their transitions. The scattering of perturbative boundary
states must be associated with the information-carrying radiation. For the
information-neutral ‘radiation,’ we discuss the process for a Schwarzschild
black hole to decay into a Minkowski vacuum through the vacuum transi-
tion. The bubble diagrams will be responsible for the disintegration; we
propose that they should be responsible for the information-neutral ‘radia-
tion.’ The picture also suggests that it is this information-neutral ‘radiation’
that should be identified with the Hawking radiation.
3.1 scattering around black hole: generalities
For the global perspective of the BHI problem, it is important to note that the
system has the ‘embedded’ boundary degrees of freedom as well as the offshell
bulk degrees of freedom in the sense detailed in section 2. For an illustration
of the idea, let us consider the 5D gravity theory considered in [62] [63] (see,
e.g., [64–66] for related works) that was obtained by compactifying type
IIB supergravity on S5. The following was shown. One sets out to find a
solution to the system by employing the Hamilton-Jacobi procedure. Instead
of finding a single solution, one obtains a class of solutions with the “moduli
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fields.” A close inspection of the constraints of the mother 5D theory reveals
that the moduli fields are nothing but the worldvolume gauge field [63]. The
worldvolume gauge theory will have two types of excitations: the solutions to
its field equations and Fock space excitations around that solution. In other
words, the gauge theory has perturbative and non-perturbative excitations.
Now consider the original 5D gravity theory and its path integral. The fact
that it is non-renormalizable is irrelevant for our purposes. The analysis
along the line of [19] will reveal that the physical degrees of freedom should
be those of the gauge theory (although this identification will be less direct
due to the involvement of the Hamilton-Jacobi equation) and thus they must
be the main focus for the scattering process taking place in the bulk. The
analyses of [62] and [63] explicitly show how the dual boundary degrees of
freedom arise from the bulk theory through the Hamilton-Jacobi equation.8
Also, the framework naturally suggests that there will be different kinds of
the excitations and transitions for the 5D theory.
Since worldvolume gauge degrees of freedom appear from the original grav-
ity theory through the intricate Hamilton-Jacobi method, making a tangible
connection between the boundary theory and the bulk behavior cannot but
be complicated and less direct. Unlike the 5D example above, the foliation-
based reduction mechanism of [19, 20, 57] makes it possible to make an in-
tuitive and direct connection between the boundary degrees of freedom and
the boundary-dynamics-induced bulk response. There are two different kinds
of physical excitations of the bulk-hypersurface combined system that we
mainly focus on in this work. The first kind is the classical solutions of the
bulk field equations. For example, the Schwarzschild solution is a higher en-
ergy solution of the vacuum Einstein equation than a Minkowski spacetime.
The second kind is the “fine” excitations specified by hypersurface theory
creations operators around a given classical solution.9
The bulk dynamics is responsible for the vacuum transition through non-
perturbative dynamics which cannot be captured by the boundary theory.
The bulk transition under consideration is the decay, for instance, from a
Schwarzschild black hole configuration to a Minkowski configuration. Al-
8At a deeper level, it should be a “spontaneous symmetry breaking” that is at work
behind [59,63,67] and the YM field can be viewed as to represent the ‘Goldstone’ particles.
9In general, there will be a third kind: the non-perturbative solutions of the boundary
theory, as we have seen in the example of 5D gravity above. For simplicity of the discussion,
they will be set aside.
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though the evaporation of a black hole is a widely accepted picture, one may
wonder whether such a transition could occur given that the Schwarzschild
black hole should be an energy eigenstate (which we will shortly argue should
not be true generically) as well as what the mechanism behind such a tran-
sition would be. We present the answers to these questions as advocated by
the quantization scheme.
3.2 example
To prevent things from getting too abstract, let us illustrate the ideas by
constructing the scattering setup in the case of a Schwarzschild black hole,
ds2 = −
(
1− 2GM
r
)
dt2 +
(
1− 2GM
r
)−1
dr2 + r2(dθ2 + sin2 θdϕ2) (24)
Setting apart the irrelevant boundary terms, the ADM form of the action is
S =
∫
d4x n
√−h
[
R+K2 −KmnKmn
]
(25)
The first step of constructing the setup of the entire bulk and boundary
system is to reduce this action to a hypersurface at a fixed r that will be
taken at r = ∞ at the end. The detailed steps of the reduction are more
complicated than the Minkowski case and can be found in [22]. Let us review
the salient features of the procedure. In addition to the gauge-fixings of the
lapse function and shift vector, which leads to
H = −√−h (R−K2 +KmnKmn) (26)
the trace piece of the 4D metric must be gauged away, and this renders K
non-dynamical. In other words, the field K gets to be set to its background
value:
K = K0; (27)
this term thus becomes a cosmological constant (or “function,” more pre-
cisely) term. The lapse function and gauge-fixed Hamiltonian have the same
form. As discussed in [20] (and in an earlier linear-level analysis in [40]) this
has been interpreted as to imply that the physical states of the theory are
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contained in the hypersurface at the asymptotic region. More explicitly, we
take the following form of the metric reduction:
hmn = h0mn(r) + h˜mn(t, θ, φ) ≡ γmn(t, r, θ, φ) (28)
where h0mn(r) ≡ diag
(
− 1 + 2GM
r
, r2, r2 sin2 θ
)
, and h˜mn(t, θ, φ) denotes
the fluctuation metric around the fixed-r hypersurface. We have introduced
another notation, γmn, to stress the split form of the 3D metric.
Several remarks are in order. The asymptotic flatness concerns the back-
ground metric but not the fluctuation. The fluctuation h˜mn(t, θ, φ), which
would get removed by the Dirichlet boundary condition in the conventional
treatment, now survives and governs the hypersurface dynamics. It can be
viewed as the ‘Goldstone’ degrees of freedom (see footnote 8). The presence
of such fluctuating fields means that the bulk system is not isolated and
the mass of the black hole is not a conserved quantity with the Neumann
boundary condition, which is consistent with the black hole’s decay.
The circumstance seems to suggest that the Hilbert space needs to be en-
larged by including all of the possible boundary conditions, Dirichlet and
Neumann (and more general boundary conditions as well in general).10 The
Dirichlet boundary condition will represent a measure zero state, h˜mn(t, θ, φ) =
0, in the multitude of the possible boundary conditions. The disintegrating
black hole should feed the hypersurface dynamics.
The ‘largely’ 4D covariant path integral approach of [23, 68] can now be
followed.11 The approach is suitable for capturing the nonperturbative bulk
10To a certain extent, this is already being practiced in the literature. This is basically
the situation associated, e.g., with the Hartle-Hawking and Boulware vacua: those vacua
are associated with the two different slicings, i.e., two different foliations of the same
bulk geometry. In both coordinates Dirichlet boundary conditions are imposed but the
boundary surfaces are different.
11One may instead adopt the entirely-3D onshell operator approach of [21]. Collecting
all of the above, the reduced action can be written
SHS =
∫
dtdθdφ n0
√−γ
[
R(γab) +K20 −K0mnK0pq γmpγnq
]
(29)
where the subscript ‘HS’ denotes ‘hypersurface,’ and
n20 =
(
1− 2GM
r
)−1
, K0mn =
1
2n0
∂rh0mn , K0 = h
mn
0 K0mn (30)
The coordinate r has been ‘demoted’ to a parameter. With this action of the dynamical
field γab and the onshell operator quantization, one can study the dynamics on the hyper-
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Figure 1: 4D scattering around BH projected onto 3D hypersurface
vacuum transition as well. In this approach, one would obtain the 4D covari-
ant effective action first and then reduce it by taking the external states of
the Feynman diagrams to be the physical states. This could be implemented
by substituting (28) with the gauge condition (18) into the 4D covariant
offshell effective action.
3.3 vacuum decay via Hawking radiation
Let us take a pause and have an overview of what’s been discussed so far.
We have started with the 4D Einstein-Hilbert action. Through the ADM
Hamiltonian and Lagrangian analysis, the reduction of the physical states
onto the hypersurface in the asymptotic region has been delivered. In the
entirely 3D onshell operator approach [21], one would use the action given in
(29) to proceed with the quantization and dynamics on the hypersurface. The
disadvantage of this approach is that it cannot capture the bulk effects such as
the vacuum transition. In the alternate largely covariant approach [23], one
may path-integrate over the bulk modes and obtain the 4D offshell effective
action. Restricting the external states to the physical states, the 4D offshell
action can be reduced to the 3D effective action. With this approach, the
surface. This method is analogous to the lightcone quantization of string theory whereas
the largely covariant approach is analogous, to a certain extent, to the old covariant quan-
tization.
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non-perturbative vacuum transition can be dealt with (more below), which
will be an important part of the BHI analysis. A cartoon image of the largely
covariant method is depicted in Fig. 1.
At this point let us take a detour to the recent series of works that hinge
on the asymptotic symmetry group, the BMS group [69–74]. We will shortly
resume the discussion above and compare these works with our view. In [73],
a certain subgroup of the BMS group has been proposed to be the hair of
the black hole. The pivot of the argument is as follows. The spontaneous
symmetry breaking of the subgroup has been found responsible for generation
of the soft particles such as soft gravitons. Since the soft particles are infinite
in number, they may carry most of the information that is not apparent on
the black hole or the outgoing hard radiation.
We take the presence of such hair as an indication of the existence of the
boundary’s own dynamics [33]. To make a more detailed comparison of our
approach with these works, let us give some further thought to the two ex-
amples in the previous subsections, the 5D gravity theory and pure Einstein
gravity. As a matter of fact, the two examples can be viewed as a procedure of
solution-finding and generalized spontaneous symmetry breaking. It is easier
to see this with the 5D example. A solution of worldvolume gauge field equa-
tion, once embedded into the Kaluza-Klein ansatz, in turn yields a solution
of the original 5D gravity. The gauge field can be viewed as the Goldstone
degrees of freedom. Similarly, gauge-fixing-induced reduction procedure of
the 4D Einstein gravity example can be viewed as a solution finding proce-
dure. After reduction to 3D, the system admits the 3D “Schwarzschild black
hole” [57] as a solution. (In other words, (29) admits, by design, γmn = 0 as
a solution.) The dynamical field h˜mn(t, θ, φ) in (28) is the fluctuation around
that 3D solution and plays the role of the Goldstone field; the symmetry
spontaneously broken is the 3D diffeomorphism of the hypersurface.
Since the vacuum transition is involved in the whole-nine-yards setup of
BHI, it is necessary to employ a generalized version of the techniques widely
used in the physics of the vacuum bubble creation in cosmology [75, 76]. To
be able to apply those techniques, one of the key ingredients is a solution
that interpolates the Minkowski vacuum and Schwarzschild black hole (say,
assuming the presence of matter). The path integral can be evaluated per-
turbatively: it will be the sum of the vacuum bubble diagrams. The explicit
quantitative analysis is expected to be exceedingly involved. For one thing,
(existence of) the interpolating solution is not known. Before we outline the
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necessary steps - which would be useful in the actual analysis, given its com-
plexity - let us state the anticipated outcomes first since there are clearly an-
ticipated outcomes in spite of this complexity. The path integral calculation
for the transition amplitude is essentially the effective action computation,
and the resulting quantum action will contain the vacuum decay effect in it.
The action can then be further analyzed to study the hypersurface dynam-
ics at the 3D quantum level once the 3D modes are path-integrated. After
the 3D path integral, the resulting effective action can be used to study the
perturbative scattering process in the background of the information-neutral
‘radiation’ associated with the bubble diagrams. To our view it should be
the information-neutral radiation emerging from the vacuum transition that
should be taken as the Hawking radiation.12
Let us now get to the more technical side of the story, the actual setup
of the bulk and boundary path integral. Although matter fields must be
present to be realistic, we focus on the gravity sector for simplicity. At the
superficial level, the path integral to be evaluated is the usual one:∫
Dgµν e
iS (31)
where the action S has the Einstein-Hilbert part (2) for the gravity sector.
Here come the complications: split the metric into the interpolating solution
and fluctuation, and integrate out the bulk modes to obtain the offshell 4D
effective action (see [23,77] for an illustration). This step should then accom-
modate the vacuum transition effect between the two vacua. The 4D effective
action can be reduced to 3D once the metric is reduced by following the steps
analogous to those presented in section 3.2. Once the 3D action is obtained,
one may perform the 3D hypersurface path integral to account for the 3D
dynamics. Afterwards one will obtain the complete quantum-corrected ac-
tion. The physical picture is that the whole process will be superposition
of the perturbative scattering and non-perturbative vacuum transition: the
perturbative scattering will take place on the background of vacuum transi-
tion that turns up through the creation of bubbles and information-neutral
(or information-minimal) radiation. Not only the boundary dynamics but
also the bulk physics should contain the information: the solution of the
fully quantum effective action will give the quantum deformed geometry that
12In [24], the process of flux loss and black hole mass increase was discussed. The
mass-gaining process must be in reverse to the vacuum transition.
19
reflects part of the information [77]. The information-neutral radiation will
interact, on its way out, with the horizon vicinity and while doing so the char-
acteristics of the vicinity, i.e., the information coded in the vicinity, would
be revealed to a distant observer.
4 Conclusion
One of the lessons emerging from the various recent studies is that the bound-
ary conditions and boundary dynamics are of central importance in quan-
tizing gravity as well as in black hole information. In this work, they have
played a critical role in quantization of gravity in an arbitrary asymptotic
background. We have pointed out that the enlarged Hilbert space proposed
in [34,35] or the generalization thereof is tied with the hypersurface dynam-
ics. After extending the quantization scheme of [19] to a much larger class of
backgrounds, i.e., arbitrary asymptotic flat backgrounds, we have put forth
a coherent and global framework suitable for studying the black hole infor-
mation and related problems. We have applied the scheme to construct the
setup for scattering of the physical states that have support at the boundary
hypersurface. The quantization scheme suggests a solution of the black hole
information paradox. To be specific, we have considered a Schwarzschild
background. We have noted the hierarchy in the transitions: the transitions
among different Fock states and vacuum transition. The ‘hair’ in part is
associated with the boundary’s own dynamics. We have proposed that the
information-neutral radiation from the vacuum transition be associated with
the Hawking radiation.
There are several interesting future directions:
In section 3, the basic conceptual framework for the BHI and paradox has
been laid out. The outlined steps should be explicitly carried out at some
point. The highest hurdle will be to obtain the interpolating solution. Con-
structing the Green’s function will be technically involved too but it should
be possible to employ a certain approximation method. If one’s focus is on
the vacuum transition, the AdS case analyzed in [33, 78] should presumably
serve the purpose better.
There may be some relation between the BMS group and 3D diffeomor-
phism of the hypersurface, although the fact that in our case, the split-out
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direction is one of the spatial directions would make the comparison less sim-
ple. The 3D diffeomorphism of the action (29) - which is implicitly expanded
around the ‘3D Schwarzschild,’ which is (R×S2) topologically - will be bro-
ken to the symmetry group of this background. It will be of some interest
to explore whether one can come up with a more sophisticated 4D covariant
approach along the lines of the asymptotic symmetries.
Progress on some of these issues will be reported in the future.
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